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Abstract The overarching goal of this work is to develop an accurate, robust, and
stable methodology for finite deformation modeling using strong-form peridynam-
ics (PD) and the correspondence modeling framework. We adopt recently developed
methods that make use of higher-order corrections to improve the computation of
integrals in the correspondence formulation. A unified approach is presented that in-
corporates the reproducing kernel (RK) and generalized moving least square (GMLS)
approximations in PD to obtain higher-order non-local gradients. We show, however,
that the improved quadrature rule does not suffice to handle instability issues that
have proven problematic for the correspondence-model based PD. In Part I of this
paper, a bond-associative, higher-order core formulation is developed that naturally
provides stability without introducing artificial stabilization parameters. Numerical
examples are provided to study the convergence of RK-PD, GMLS-PD, and their
bond-associated versions to a local counterpart, as the degree of non-locality (i.e.,
the horizon) approaches zero. Problems from linear elastostatics are utilized to ver-
ify the accuracy and stability of our approach. It is shown that the bond-associative
approach improves the robustness of RK-PD and GMLS-PD formulations, which
is essential for practical applications. The higher-order, bond-associated model can
obtain second-order convergence for smooth problems and first-order convergence
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2 Masoud Behzadinasab et al.
for problems involving field discontinuities, such as curvilinear free surfaces. In Part
II of this paper we use our unified PD framework to: (a) study wave propagation
phenomena, which have proven problematic for the state-based correspondence PD
framework; (b) propose a new methodology to enforce natural boundary conditions
in correspondence PD formulations, which should be particularly appealing to cou-
pled problems. Our results indicate that bond-associative formulations accompanied
by higher-order gradient correction provide the key ingredients to obtain the neces-
sary accuracy, stability, and robustness characteristics needed for engineering-scale
simulations.
Keywords Peridynamics · Meshfree methods · Natural boundary conditions ·
Non-local derivatives · Reproducing kernel · GMLS · Bond-associative modeling ·
Higher order ·Wave dispersion
1 Introduction
The classical (local) theory of solid mechanics involves the calculation of the diver-
gence of the stress tensor to evaluate the internal state of the material. This approach
involves differentiation of displacements, which becomes ill-defined with field dis-
continuities (e.g. cracks). The peridynamic theory (PD) [30, 33] was developed as a
non-local reformulation of the classical theory, replacing the divergence of the stress
at a material point X with an integral of the action of X with other material points
within a finite distance δ , called the horizon. Peridynamics has been appealing to the
computational mechanics community, given its natural capabilities in handling ma-
terial failure without any complicated numerical treatment. The original PD model
[30] is called the bond-based version as a bond force depends only upon its own de-
formation. Bond-based materials are limited to Poisson’s ratio 1/3 and 1/4 in two and
three dimensions, respectively. To address the limitation, the state-based PD frame-
work [33] was presented to incorporate the collective deformation of a neighborhood
in deriving the bond actions.
While Galerkin formulations can be developed for peridynamics (see, e.g. [12,
25]), the weak-form approach involves a six-dimensional (i.e., double) integral [21,
6], entailing considerable geometric complication and computational cost. Strong-
form strategies are appealing, therefore, for practical applications. Meshfree tech-
niques are commonly employed to solve the PD strong-form version using a nodal
discretization of the PD equation of motion, in which the PD nodes act as both col-
location and quadrature points [32]. Fig. 1 shows a PD body in the continuum and
discrete forms.
A special class of peridynamic materials, known as correspondence models [33],
has been developed to incorporate classical constitutive equations (outcome of decades
of experimental and theoretical research by the mechanics community) within the PD
framework. In the correspondence formulation, a kinematic variable (e.g., the defor-
mation gradient F) is computed using integration, rather than differentiation, and then
used to evaluate its energy conjugate (e.g., the first Piola–Kirchhoff stress) through
local material models. It was shown in [4, 15] that there is a close connection between
the PD correspondence model and meshfree discretizations of local theories, such as
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Fig. 1: Schematic of a peridynamic body in a reference configuration with horizon δ .
the reproducing kernel (RK) particle method [22, 10]. Hillman et al. [15] showed the
equivalence between the PD differential operator [24] and the RK implicit gradient
operator [11], which both can be employed to obtain higher-order meshfree gradi-
ents, such as a higher-order F. Reproducing kernel enhanced approaches have been
proposed to improve meshfree integration in peridynamic models [28, 15, 19].
Despite offering convenience in utilizing classical constitutive relations, PD cor-
respondence materials have been found problematic in practice as they involve in-
stability issues under non-uniform deformations. The unstable behavior appears as
zero-energy mode oscillations in meshless peridynamic simulations and has been
largely attributed to the cancellation of the non-uniform parts of deformation, which
is allowed within the integration (averaging) technique [7, 36, 31, 13, 2]. The in-
stabilities can lead to large errors in practical applications [16]. To address the is-
sue, stabilization techniques have been proposed, such as (1) addition of penalty
terms to deviations from homogeneous deformations [20, 31], which involves arti-
ficial (non-physical) parameters, and (2) splitting of the integration domain into mul-
tiple sub-regions [13], which is unsettling as a continuum theory. A third group of
methods called bond-associative modeling have have been developed [8, 9, 3], which
are continuum-based approaches and do not involve any numerical stabilization. The
original correspondence model includes assigning the same kinematic variable (F)
to all the bonds connected to a node, ignoring the non-uniform deformations in the
neighborhood, which is the main root of the instability. The bond-associative model-
ing, on the other hand, increases the influence of each individual bond deformation
on its own kinematic variable to take into effect inhomogeneous deformations. The
bond-associated models can be seen as mixed bond-based, state-based formulation
[1, Section 5.4], incorporating strengths of both approaches and offering natural sta-
bility and robustness to the resulting formulation.
In Part I of this two-part paper, we focus on a unified meshfree approach that
considers non-local integration as a regularization of classical continuum mechanics
to obtain higher-order local derivatives. The two methods of RK-PD [15] and gener-
alized moving least squares (GMLS) [35] serve our goal here. The RK and GMLS
approximations were shown to have a close connection under a uniform-grid dis-
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cretization [18]. We consider convergence of these non-local models to a physically
relevant local counterpart as the horizon approaches zero. This work disregards in-
herently non-local physical interactions, in which a finite horizon is attributed to a
physically non-local phenomena (see e.g., [5]).
We analyze the robustness of the higher-order approaches of RK-PD and GMLS-
PD. As we will demonstrate, these methods are unable to naturally provide stability;
therefore, a bond-associated version of is proposed to naturally handle the instability
issue without adding tuning parameters. We emphasize that without a stable method-
ology at hand, the applicability of RK-PD and GMLS-PD to practical simulations is
questionable.
The remainder of Part I of this paper is as follows. A unified definition of the
models is provided in Section 2, after recalling first the PD correspondence model
in Section 2.1, RK-PD is summarized in Section 2.2, and a GMLS-PD version is
developed in Section 2.3. We then present a bond-associative modeling approach in
Section 2.4. Numerical examples are provided in Section 3 to highlight the instability
issue of the base models and study the robustness of the bond-associated versions.
Section 4 provides some concluding remarks.
In Part II of this work, a framework for modeling natural boundary conditions
in the strong-form peridynamics using the unified meshfree formulation is proposed,
and numerical examples are provided. Dynamic wave propagation in the unified cor-
respondence framework is also examined.
In what follows, all vectors are column vectors unless otherwise stated. Bold sym-
bols indicate tensors of rank 1 (i.e., vectors) or higher.
2 Model Formulation
The classical continuum theory of solid mechanics, in Lagrangian form, states that a
static equilibrium state satisfies
∇ ·P(X)+b(X) = 0, (1)
where X is a material point in the reference domain, u is the displacement field,
and b is an applied body force density. ∇ is the gradient operator, thus ∇· is the
divergence operator in the first term. P is the first Piola–Kirchhoff stress, which is the
energy conjugate of the deformation gradient, a kinematic variable based on gradient
of displacement, i.e.,
F = I+∇u,
where I is the Identity Matrix. This property is evaluated using integral formulations
in peridynamics, which is covered in this section.
In the remainder of this section, we first recall correspondence material modeling
in peridynamics, followed by a summary of the RK-PD formulation. We then develop
a GMLS-PD model by applying the GMLS operator to the correspondence PD theory.
Next, a bond-associated version of the two theories is presented, which provides a
necessary tool for stability.
Title Suppressed Due to Excessive Length 5
2.1 Peridynamic correspondence materials
As part of the state-based peridynamics, Silling et al. [33] proposed a non-local de-
formation gradient as
F¯(X) = I+∇u(X),
∇u(X) =
∫
H (X)
α(X′−X) [u(X′)−u(X)] [X′−X]ᵀ K¯−1(X)dX′, (2)
whereH (X) is the family set (neighborhood) of X defined in the reference bodyB0
as
H (X) =
{
X′ | X′ ∈B0, 0 < |X′−X| ≤ δ
}
.
α(X′−X) is a weighting function, called the influence function, which depends on
the relative distances between material points with respect to the horizon. K¯ is called
the shape tensor and defined by
K¯(X) =
∫
H (X)
α(X′−X) [X′−X] [X′−X]ᵀ dX′.
In the state-based PD theory, state is a mathematical operator that maps a bond to
a scalar, vector, or tensor-valued function. For example, the reference position vector
state X is defined as
X(X)〈X′−X〉= X′−X,
which maps the bond (X)〈X′−X〉 to its reference image, the vector [X′−X] origi-
nating from X.
2.2 Reproducing kernel peridynamics
The RK-PD formulation is based a non-local gradient operator, which uses the repro-
ducing kernel shape functions to provide nth-order accuracy in approximating local
gradients. This non-local operator is constructed using a Taylor expansion procedure,
based on a complete set of monomials, and incorporates the effects of higher-order
terms in evaluating local gradients [15, Section 4]. In this model, the deformation
gradient is approximated by
F¯(X) = I+
∫
H (X)
[
u(X′)−u(X)] [Φ (X)〈X′−X〉]ᵀ dX′, (3)
where Φ is the RK-weight vector state
Φ (X)〈X′−X〉= α(X′−X) ∇Qᵀ M¯−1[n] (X)Q[n](X′−X),
in which Q[n](ξ ) is a vector of the set of monomials {ξ β}n|β |=1. M¯[n] is called the
moment matrix and defined as
M¯[n](X) =
∫
H (X)
α(X′−X)Q[n](X′−X)Qᵀ[n](X′−X)dX′,
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and
∇Q≡Q(δ j1,δ j2,δ j3)[n] = [0 , . . . , 0 , 1jth entry , 0 , . . . , 0]
ᵀ.
n is a free parameter, which determines the degree of accuracy of the non-local gra-
dient operator. Note that the linear (n = 1) RK-PD gradient operator is equivalent to
the PD correspondence counterpart (cf. Eq. (2) with Eq. (3)).
Example 1 In three dimensions, for n=2 (quadratic accuracy) the involved Q-terms
are
Q[2](ξ ) = [ξ1, ξ2, ξ3, ξ 21 , ξ
2
2 , ξ
2
3 , ξ1ξ2, ξ1ξ3, ξ2ξ3]
ᵀ,
∇Q1= [1, 0, 0, 0, 0, 0, 0, 0, 0]ᵀ,
∇Q2= [0, 1, 0, 0, 0, 0, 0, 0, 0]ᵀ,
∇Q3= [0, 0, 1, 0, 0, 0, 0, 0, 0]ᵀ,
∇Q= [∇Q1,
∇Q2,
∇Q3].
In the RK-PD model, the internal force is evaluated by approximating the diver-
gence of the stress
∇ ·P(X)≈ ∇ · P¯(X)
=
∫
H (X)
[
P¯(X′)− P¯(X)]Φ (X)〈X′−X〉dX′, (4)
where P¯(X) = P(F¯(X)).
In the discrete form, Eqs. (3) and (4) are evaluated using
F˜I = I+∇hu
= I+ ∑
J∈HI
[uJ−uI ]Φ ᵀIJ VJ , (5)
and (
∇h · P˜
)
I = ∑
J∈HI
[
P˜J− P˜I
]
Φ IJ VJ , (6)
where I and J refer to discrete nodes, and the family of I is defined as
HI =
{
J | J ∈ B˜0, 0 < |XJ−XI | ≤ δ
}
.
The discrete RK-weight vector state is given as
Φ IJ = αIJ
∇Q
ᵀ
M˜−1I QIJ ,
M˜I = ∑
J∈HI
αIJ QIJ QᵀIJ VJ .
Note that the subscript [n] is implied in M˜ and Q (dropped for notational simplicity).
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2.3 Generalized moving least square peridynamics
To improve meshfree discretizations of peridynamic models and obtain higher-order
strong-form formulations, Trask et al. [35] developed a quadrature rule for non-
local integro-differential equations, which has close ties to the approximation theory
known as generalized moving least squares. It was shown that the quadrature rule can
improve a PD elastic material model [34]. Inspired by their framework, the GMLS
algorithm is applied to Eq. (2) to construct a higher-order, non-local gradient operator
at the discrete level:
(∇hu)I = ∑
J∈HI
αIJ [uJ−uI ] [XJ−XI ]ᵀω IJ , (7)
in which ω IJ is a set of quadrature weights associated with the neighborhood of I and
are obtained by solving a local constrained optimization problem. While the origi-
nal GMLS method was designed to improve the quadrature rule for the divergence
operator, here we adopt it to improve integration for a non-local gradient operator at
the discrete level. In this approach, we associate a quadrature weight per dimension
to each bond and define it as a diagonal matrix (we define it as a matrix for the pur-
pose of linear algebraic operations), i.e., in three dimensions, ω IJ is a diagonal matrix
with size 3 by 3 for each bond. Note that it may still be possible to consider scalar
weights, but a considerably larger size of neighbors is required then to ensure having
enough unknowns for fulfilling the equality constraints in the optimization problem
(for obtaining polynomial unisolvency).
For the purposes of this work, we choose the following as the influence function
in Eq. (7):
α(ξ ) =
1
|ξ |2 , (8)
resulting in
(∇hu)I = ∑
J∈HI
[uJ−uI ] [XJ−XI ]
ᵀ
|XJ−XI |2ω IJ , (9)
and a unit-less quadrature weight (the following procedure should be straightforward
to modify for other influence functions). In fact, [uJ−uI ] [XJ−XI ]
ᵀ
|XJ−XI |2 can be seen as
a bond-based gradient operator; thus, (∇hu)I is a weighted average of the bond-based
quantity overHI .
The quadrature weights are obtained by solving the following equality-constrained
least squares problem
argmin
ω IJ
∑
J∈HI
[ω IJ : ω IJ ]
such that, (∇h[p])I = (∇[p])I ∀p ∈ Vh, (10)
where Vh denotes a Banach space of functions whose gradients should be computed
exactly. While Vh can be chosen for enforcing reproduction on any desired function,
selecting it as the space of nth-order polynomials would be beneficial for obtaining
higher-order gradients. For the case of polynomials, it can be shown that
[ (n+d)!
n!d!
−
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1
]
number of non-colinear (in 2D) or non-coplanar (in 3D) bonds are required to
satisfy the equality constraints [23], where d is the size of dimensions. For uniform
discretizations, the horizon size must be chosen greater than n× h with h being the
nodal spacing.
Example 2 In order to obtain a 2nd-order deformation gradient, the non-local gradi-
ent operator must be able to exactly compute gradients of linear and quadratic func-
tions. For establishing the weights ω IJ , a local coordinate system is designed with its
origin at I. The following equations must be used as constraints in the optimization
problem, i.e. Eq. (10):
– p = x : (∇[x]) |(0,0,0) = 1 iˆ+0 jˆ+0 kˆ,
– p = y : (∇[y]) |(0,0,0) = 0 iˆ+1 jˆ+0 kˆ,
– p = z : (∇[z]) |(0,0,0) = 0 iˆ+0 jˆ+1 kˆ,
– p = x2 :
(
∇[x2]
) |(0,0,0) = 0 iˆ+0 jˆ+0 kˆ,
– p = y2 :
(
∇[y2]
) |(0,0,0) = 0 iˆ+0 jˆ+0 kˆ,
– p = z2 :
(
∇[z2]
) |(0,0,0) = 0 iˆ+0 jˆ+0 kˆ,
– p = xy : (∇[xy]) |(0,0,0) = 0 iˆ+0 jˆ+0 kˆ,
– p = xz : (∇[xz]) |(0,0,0) = 0 iˆ+0 jˆ+0 kˆ,
– p = yz : (∇[yz]) |(0,0,0) = 0 iˆ+0 jˆ+0 kˆ.
For each coordinate component in the above system, (∇h[p])I = (∇[p])I , resulting
in 27 total equations. Considering there are 3 weights per neighbor, at least 9 non-
coplanar bonds are required to satisfy these constraints. Since the discrete gradient
∇h is a linear operator, if it satisfies the above equations, it would satisfy all possible
combinations of them as well; therefore, it will compute the gradient of any quadratic
(and linear) function exactly.
Upon computing the quadrature weights, the discrete-level deformation gradient
F˜ is computed using Eq. (9)
F˜I = I+ ∑
J∈HI
[uJ−uI ] [XJ−XI ]
ᵀ
|XJ−XI |2
ω IJ . (11)
Since the divergence operator is the trace of the gradient, the discrete-level diver-
gence of the stress can be computed using the same quadrature weights, i.e.,(
∇h · P˜
)
I = ∑
J∈HI
[
P˜J− P˜I
]
ω IJ
[XJ−XI ]
|XJ−XI |2
, (12)
noting that ω ᵀIJ = ω IJ is used.
Remark 1 Leng et al. [18] shows connections between the RK and GMLS operators
under uniform nodal discretization. It should however be noted that the RK shape
functions are constructed on the basis of monomials and are more restricted com-
pared to GMLS, which computes the quadrature weights completely based on an
optimization framework. These two methods can generally result in different sets of
weights, in particular for non-uniform nodal spacings; however, RK may always be
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expressed as a GMLS operator with particular choice of weighting. Our results in
Section 3 show the different behavior between these two models. We will see that the
particular choice of improved quadrature is less important than the stability gained
via bond-associative modeling.
2.4 Bond-associative modeling
While the accuracy of the original PD gradient operator, i.e. Eq. (2), is enhanced by an
improved integration rule through either the RK-PD or GMLS-PD formulation, they
still suffer from instability issues (see Section 3). A bond-associated formulation is
developed here for RK-PD and GMLS-PD, which incorporates a naturally stabilizing
technique without additional tunable parameters.
To employ the bond-associative corrections in the RK-PD and GMLS-PD formu-
lations, we propose the following modification of the non-local divergence of stress
(
∇h · P˜
)
I = ∑
J∈HI
[
P˜JI− P˜I
]
γ IJ ,

γ IJ =Φ IJ VJ RK-PD
γ IJ = ω IJ
[XJ−XI ]
|XJ−XI |2
GMLS-PD
, (13)
where P˜JI is called the bond-associated first Piola–Kirchhoff stress (a tensor state)
and depends on the bond-associated deformation gradient (a tensor state), i.e., P˜JI =
P(F˜JI), where F˜JI , at the discrete level, is defined as
F˜JI = F˜J +∆ F˜nhJI
= F˜J +
[
xJ−xI− F˜I + F˜J2 [XJ−XI ]
]
[XJ−XI ]ᵀ
|XJ−XI |2 , (14)
where x is the current position field, i.e., x = X+u. The new property ∆ F˜nhJI is added
to the bond-level deformation gradient, to account for non-uniform deformations.
∆ F˜nhJI = 0 for the homogeneous case, i.e. if x=FX, F˜I = F˜J =F. Note that if the non-
uniform part of deformation is neglected in this equation, i.e., ∆ F˜nhIJ = 0, F˜JI = FJ
and Eqs. (6) and (12) are recovered by Eq. (13).
Remark 2 Truncation error analysis of the bond-level deformation gradient shows
that this property is limited to quadratic accuracy. Consider using the Taylor expan-
sion process, applied on I→ J and J→ I subsequently as follows:
xJ = xI +FI [XJ−XI ]+GI :
[
[XJ−XI ][XJ−XI ]ᵀ
]
+O(h3), (15a)
xI = xJ +FJ [XI−XJ ]+GJ :
[
[XI−XJ ][XI−XJ ]ᵀ
]
+O(h3), (15b)
where G is the 2nd-order spatial gradient of deformation, i.e. G = ∇∇u = ∇F, and
h = |XJ−XI |. Subtracting Eq. (15b) from Eq. (15a), and dividing by 2, we obtain
xJ−xI = FI +FJ2 [XJ−XI ]+
GI−GJ
2
:
[
[XJ−XI ][XJ−XI ]ᵀ
]
+O(h3). (16)
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Applying the Taylor series expansion, this time on G,
GI−GJ = O(h),
thus,
[GI−GJ ] :
[
[XJ−XI ][XJ−XI ]ᵀ
]
= O(h3). (17)
Using Eqs. (16) and (17),
xJ−xI− FI +FJ2 [XJ−XI ] = O(h
3),[
xJ−xI− FI +FJ2 [XJ−XI ]
]
[XJ−XI ]ᵀ
|XJ−XI |2 = O(h
2),
and, at the discrete level,
O
(
∆ F˜nhIJ
)
= O
([
xJ−xI− F˜I + F˜J2 [XJ−XI ]
]
[XJ−XI ]ᵀ
|XJ−XI |2
)
= O(F˜I)+O(h2), (18)
noting that O(F˜I) = O(F˜J) = O(hn). Using Eqs. (14) and (18),
O(F˜IJ) = O(hp) , p = min(2,n).
Therefore, even if the accuracy of node-level deformation gradient is greater than
quadratic (n > 2), the bond-level property is of O(h2).
3 Numerical Examples
In this section, the reproducing kernel peridynamic method and its bond-associated
version are denoted as RK-PD and BA-RK-PD, respectively. The generalized moving
least square peridynamics and its bond-associated counterpart are called GMLS-PD
and BA-GMLS-PD, respectively. The bond-associated model, without the higher-
order corrections, is denoted as BA-PD, which is equivalent to the linear BA-RK-PD.
The following numerical examples are provided for a threefold goal: (1) to test the
convergence of the different variants of the correspondence model, (2) to demonstrate
the unstable behavior of RK-PD and GMLS-PD and that it can be fixed through the
bond-associative modeling approach, and (3) to study the robustness obtained by a
combination of the bond-associative approach and higher-order corrections.
Linear, quadratic, and cubic models are considered in a set of two-dimensional
(plane-strain) static problems. In each case, the horizon size δ is chosen according
to the average nodal spacing and the order of the formulation (n) to ensure sufficient
number of neighbors for obtaining polynomial unisolvency. Essential boundary con-
ditions are enforced on a fictitious layer of size δ , and the state of equilibrium is
computed using a linear solver.
In the following examples, we consider the convergence of the above formula-
tions to linear elastostatic solutions. Therefore, the horizon size and nodal spacing
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approach zero concurrently. Since the dependence of the non-local deformation gra-
dients, i.e. Eqs. (5), (11) and (14), on displacement is linear, the following constitutive
model is constructed for consistency with linear elastostatics:
ε = (F+FT )/2− I,
P = λ tr(ε )I+2µ ε ,
where λ and µ are the Lamé parameters.
A cubic B-spline kernel (a smooth function) is utilized as the influence function
for RK-PD (and its BA variant). This radial function is defined as:
α(ξˆ ) =

2
3
−4 ξˆ 2+4ξˆ 3 for 0 < ξˆ ≤ 1
2
4
3
−4 ξˆ +4 ξˆ 2− 4
3
ξˆ 3 for
1
2
< ξˆ ≤ 1
0 otherwise
,
in which
ξˆ ≡ |XJ−XI |
δ
.
As noted previously, the influence function for GMLS-PD and BA-GMLS-PD is
adopted as in Eq. (8) and included in the corresponding formulations, i.e., Eqs. (11)–
(13).
To model the free surface behavior, fictitious nodes are placed in the free space re-
gion. In peridynamics language, all the bonds associated with the free-surface nodes
are considered broken. In this framework, a broken bond carries a zero stress tensor
that directly contributes to the force evaluation. A broken bond, however, does not en-
gage in the kinematic variable computation; therefore, two sets of quadrature weights
are required for integration. In other words, to obtain correct kinematic-gradient and
stress-divergence operators, for material nodes with broken bonds (with free-surface
neighbors here), two different set of quadrature weights are used: (1) a set of Φ IJ (for
RK) and ω IJ (for GMLS) constructed using only the material points in the bulk of
the body (including Dirichlet-bc nodes), for computing the kinematic variable (i.e.,
deformation gradient), and (2) a different set of Φ IJ and ω IJ obtained by considering
the full neighborhood, for the internal force evaluation (i.e., divergence of stress). The
fictitious free-surface nodes are only employed in the latter case. The broken bonds,
associated with the free-surface nodes here, are given zero stress, i.e.
P˜JI = 0 ∀J ∈Ωfs , ∀I ∈HJ ,
where Ωfs is the free-surface domain.
To clarify, the computed nodal kinematic variable must always pass a patch test,
regardless of the boundary effects (e.g., free surface or damaged region). The di-
vergence of the stress, however, should account for boundary conditions. Therefore,
only neighbors from the bulk of material should contribute to the kinematic variable
computation, while the full neighborhood should be involved in the internal force
evaluation.
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Error is calculated using the root-mean-square (RMS) norm
||e||2 =
√
∑Ni e2i
N
,
which is equivalent to the full L2 norm for quasi-uniform pointsets [37].
3.1 Convergence to a manufactured solution
The following 2D manufactured solution is considered over a square domain [−1,1]×
[−1,1]:
u1(x,y) = Asin(pix/2)cos(piy/2)+Bexp(x)exp(y),
u2(x,y) =C cos(pix/2)sin(piy/2)+Dexp(x)exp(y),
with the corresponding body force b, which satisfies Eq. (1),
b1(x,y) =− pi
2
4
[
[A+C]λ +[3A+C]µ
]
sin(pix/2)cos(piy/2)
+
[
[B+D]λ +[3B+D]µ
]
exp(x)exp(y),
b2(x,y) =− pi
2
4
[
[A+C]λ +[A+3C]µ
]
cos(pix/2)sin(piy/2)
+
[
[B+D]λ +[B+3D]µ
]
exp(x)exp(y).
The constants are chosen as A= 0.2, B=−0.15, C =−0.15, and D= 0.1. A material
with Young’s modulus E = 100,000 and Poisson’s ratio ν = 0.3 is considered in this
test.
This problem is solved on uniform and non-uniform discretizations, with aver-
age spacing h = [0.2, 0.1, 0.05, 0.025]. To obtain the non-uniform discretizations,
the nodes in the base level (h = 0.2) of the uniform case are perturbed with a random
normal distribution with the standard deviation of 0.03 (15% of the average nodal
spacing), then refined in a systematic way, i.e., nodes are placed on midpoints dur-
ing refinements. Fig. 2 shows the non-uniform nodal distributions for this problem.
The horizon size for the linear, quadratic, and cubic models is chosen as δ = 2.5h,
δ = 3.5h, and δ = 4.5h, respectively.
Fig. 3 shows the RMS error in displacements. In this problem, generally speaking,
RK-PD and GMLS-PD results are similar, with the former giving less error in the
linear case and the latter being more accurate in the quadratic and cubic cases (on
non-uniform discretizations). In all cases, the bond-associated, higher-order results
are superior to the base models. BA-RK-PD and BA-GMLS-PD solutions are very
close in the quadratic case and uniform, linear case. In the other three cases, BA-
RK-PD shows a better convergence rate. We speculate that this might be due to the
specific choices of influence function made in this work. Further study is required to
shed light on the role of the influence function.
It should be noted that the linear and quadratic results are similar in the uniform
case (and to some extent in the non-uniform case). Super-convergence of the solution
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(a) Base level (L0) (b) L1 (c) L2 (d) L3
Fig. 2: Non-uniform nodal discretizations and refinements for the 2D manufactured
problem. The blue color denotes the nodes used to prescribe displacement-controlled
boundary conditions.
in some cases is observed, i.e., observing the rate of n+ 1 for an nth-order method,
which agrees with the results of [17, 35, 15, 19]. In this example, not only for the
linear case, but also for the quadratic case (due to super-convergence), the BA-PD and
BA-RK-PD approaches produce the same results. Considering the non-uniform case,
the bond-associated, higher-order results are considerably improved by increasing the
order from quadratic to cubic (that does not occur for BA-PD). On the other hand, the
RK-PD and GMLS-PD results are barely improved in that case. That is in fact due
to the presence of instabilities in the solution, which is not observed for the uniform
case in this problem.
The unstable behavior is demonstrated in Fig. 4, where the contour plots of the
horizontal displacements, solved by the quadratic models, are provided for two lev-
els of non-uniform grids (denoted as L1 and L3 in Fig. 2). While the high degree of
oscillations in the RK-PD and GMLS-PD results in the coarse level are reduced by re-
finement, the unstable behavior is still observed in the refined case. On the other hand,
there is no instabilities in the bond-associated methods, and they provide meaningful
solutions even on coarse meshes. This property is essential for practical applications
of the methods.
The horizon-size effect is studied in Fig. 5, where three different horizons are
considered for the quadratic case with non-uniform discretization. That is, for a fixed
nodal spacing h, the larger the horizon, the more neighbors each node has. RK-PD
errors increase with bigger horizon in this case, while GMLS-PD has issues with
the smallest horizon. The bond-associated models are stable across the board, thus
demonstrating robustness with respect to the horizon size. This is also a very desirable
property in real applications where a user cannot be expected to tune the horizon size
to avoid instabilities in the solution.
3.2 Infinite plate with circular hole under far-field bi-axial tension
A classical problem is considered here, in which an infinite plate with a circular hole
of radius a is subjected to far-field bi-axial tension T , without any applied body force.
Under plane strain condition, the following solution can be obtained using Airy stress
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(a) Uniform discretization - Linear (b) Non-uniform discretization - Linear
(c) Uniform discretization - Quadratic (d) Non-uniform discretization - Quadratic
(e) Uniform discretization - Cubic (f) Non-uniform discretization - Cubic
Fig. 3: Two-dimensional convergence test for RK-PD, GMLS-PD, BA-RK-PD, BA-
GMLS-PD, and BA-PD on a manufactured solution. Linear, quadratic, and cubic
formulations are tested on uniform and non-uniform discretizations. BA-PD and BA-
RK-PD overlap in (a–d). Plots show the displacement RMS error values.
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(a) RK-PD (b) GMLS-PD (c) BA-RK-PD (d) BA-GMLS-PD
(e) RK-PD (f) GMLS-PD (g) BA-RK-PD (h) BA-GMLS-PD
Fig. 4: Horizontal-displacement contours in the 2D manufactured problem using
the quadratic formulations. Top and bottom rows correspond to the L1 and L3
non-uniform discretizations, respectively. While the oscillations in the RK-PD and
GMLS-PD fields are reduced with nodal refinement, they are not completely elimi-
nated. On the other hand, there is no oscillation in the bond-associated fields, even in
the coarse grids. The refined bond-associated solutions (g-h) are in good agreement
with the exact solution (not shown here).
(a) δ = 2.75h (b) δ = 3.5h (c) δ = 4.25h
Fig. 5: Convergence of quadratic models in the 2D manufactured problem is com-
pared between different horizon sizes. The horizon size has a large effect on RK-PD
and GMLS-PD, while the bond-associated versions show robustness with respect to
the size of horizon. Plots show the displacement RMS error values.
functions [26]:
u1(r,θ) =
Ta
2µ
[1−ν
1+ν
r
a
+
a
r
]
cosθ ,
u2(r,θ) =
Ta
2µ
[1−ν
1+ν
r
a
+
a
r
]
sinθ .
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This example serves as an important benchmark as it involves a curvilinear free
surface. To set up this problem, the infinite problem is modeled as a finite quarter
plate, with the exact displacements prescribed on the non-local collar surrounding
the perimeter of the plate, except at the hole area where fictitious nodes are placed
to model the free surface. That is, as mentioned previously, the free-surface nodes
are supplied with zero stress values that directly contribute to the evaluation of ∇h · P˜
for their material neighbors. The free-surface nodes do not contribute to the evalua-
tion of the kinematic variable for their neighbors. Fig. 6 provides a schematic of the
modeling approach for this problem.
Fig. 6: Elastic plate with a circular hole. Blue color indicates the Dirichlet bound-
ary nodes, prescribed with the exact displacement values. Red color shows the free-
surface region, where fictitious nodes are placed and given zero stress values.
To obtain nodal discretizations in this example, a finite element mesh is gener-
ated first, then each element is replaced by a meshfree node. The meshfree node is
placed on the centroid of the element and is associated with its area (volume in 3D).
Two strategies are employed to mesh the domain: (1) a structured discretization al-
gorithm, where quadrilateral elements are obtained by having their nodes uniformly
distributed along a polar coordinate system, and (2) a semi-unstructured algorithm us-
ing pyGmsh, a Python library based on Gmsh [14], where Delaunay triangular meshes
are generated. In the remainder of this section, these two schemes are denoted as po-
lar and triangular discretizations, respectively. Different levels of mesh refinement
are utilized to perform a convergence study. For each case, average node spacing is
defined by
h =
√
∑Ni Ai
N
,
where Ai is element area. The approximate average spacings of h≈ [0.2, 0.1, 0.05, 0.025]
are considered for both schemes. Fig. 7 shows different levels of discretization in this
approach.
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(a) Polar - L0 (b) Polar - L1 (c) Polar - L2 (d) Polar - L3
(e) Triangular - L0 (f) Triangular - L1 (g) Triangular - L2 (h) Triangular - L3
Fig. 7: Nodal discretizations and refinements for the plate with circular hole problem.
The blue color denotes the nodes used to prescribe displacement-controlled boundary
conditions. The red-colored nodes are used to model free surface.
The polar discretization scheme results in having more concentrated nodes in ar-
eas closer to the hole. Using a fixed horizon size in the physical domain to construct
neighborhoods would result in a significantly larger neighbor sets near the hole, re-
ducing efficiency, and potentially damaging the robustness of the RK and GMLS
algorithms as they depend on the number of neighbors (cf. Fig. 5). Using circular-
shaped neighborhoods with varying horizons in the physical space, which results in
cases where a node I is a neighbor of J, but J is not a neighbor of I, has been found
problematic [29]. To obtain neighbor sets with the same number of neighbors (ex-
cept near the boundaries) regardless of where the neighborhoods are formed, while
keeping the consistency between neighbors (i.e., if a bond IJ exists, JI also exists), a
mapping algorithm is used. That is, the nodes are transformed from the physical space
to a parametric space, where a uniform spacing of 1 is obtained between the adjacent
nodes. The neighborhoods are formed in the parametric space. Fig. 8 illustrates this
concept. In the parametric space, the horizon size for the linear, quadratic, and cubic
formulations is chosen as δ = 1.75, δ = 2.75, and δ = 3.75, respectively. Note that
while the influence functions are evaluated in the parametric space, the quadrature
weights are computed directly in the physical space.
For the triangular discretization scheme, the neighborhoods are formed in the
physical space. In this case, the horizon size for the linear, quadratic, and cubic meth-
ods is chosen as δ = 2.25h, δ = 3.25h, and δ = 4.25h, respectively.
Fig. 9 shows the displacement RMS error values for different permutations of the
discretizations and models. The bond-associated models obtained a near-linear con-
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Fig. 8: A mapping is used to define the neighbor sets in a parametric space, resulting
in a uniform number of neighbors for each node (except for near the boundaries).
vergence rate for all cases, which demonstrates asymptotically compatible conver-
gence to the local solution. Note that the solution in this problem is not smooth since
there is a jump in stresses near the free surface; therefore, we cannot expect to obtain
a higher-order convergence rate with the non-local approach taken. The linear RK-
PD case also shows asymptotically compatibility; however, as soon as the number of
neighbors increases (i.e., larger horizon), neither of the quadratic or cubic methods
are able to solve the problem. The linear GMLS-PD convergence rate is closer to 1
than its quadratic and cubic versions. Except for the linear model on the polar mesh,
high errors are seen in others, rooted to the noted instability issue. In this problem,
some improvement is obtained by increasing the order of the bond-associated vari-
ants, by examining the cubic results. However, the improvements achieved through
the stabilization corrections are significantly more tangible.
Fig. 10 illustrates the stability problem of the base models, by showing the solu-
tion for the quadratic models on the most refined triangular mesh. While the bond-
associated methods capture the exact solution in this problem, the base models result
in high errors.
The models are also tested in the mild near-incompressibility limit (ν = 0.495),
where similar results are obtained. Fig. 11 shows the quadratic results where a near-
linear convergence rate is observed for the bond-associated methods. For higher lev-
els of near-incompressibility, special treatment will be required to avoid volumetric
locking (see, e.g. [27]).
4 Conclusions
In this study, we developed a unified approach to the application of reproducing ker-
nel and generalized moving least square methods to peridynamic correspondence
models, under the strong-form framework. These methods were previously offered
to employ higher-order corrections and improve the accuracy of the PD deformation
gradient operator, which has well-known instability issues. We have investigated the
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(a) Polar discretization - Linear (b) Triangular discretization - Linear
(c) Polar discretization - Quadratic (d) Triangular discretization - Quadratic
(e) Polar discretization - Cubic (f) Triangular discretization - Cubic
Fig. 9: Two-dimensional convergence test for RK-PD, GMLS-PD, BA-RK-PD, BA-
GMLS-PD, and BA-PD in the plate with a circular hole problem. Linear, quadratic,
and cubic formulations are tested on the polar and triangular discretizations. BA-PD
and BA-RK-PD overlap in (a–b). Plots show the displacement RMS errors.
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(a) RK-PD (b) GMLS-PD
(c) BA-RK-PD (d) BA-GMLS-PD
Fig. 10: Horizontal-displacement contours in the plate with hole problem using the
quadratic formulations and the L3 triangular discretization. Only the bond-associated
solutions (c-d) are in good agreement with the exact solution (not shown here).
robustness of these approaches by testing their linear, quadratic, and cubic versions
in different problems. Our analysis demonstrates that while the RK and GMLS al-
gorithms can be useful for obtaining higher-order convergence in smooth problems,
they are insufficient for eliminating the zero-energy mode oscillations. The unstable
behavior becomes more dominant under non-uniform discretizations. In addition, dis-
crete solution instabilities are more likely to occur as the number of neighbors inside
the horizon increases.
We proposed a bond-associated formulation based on the higher-order frame-
work, which naturally eliminates the instability issue, without introducing tunable
parameters. The non-local divergence operator has been modified by utilizing a bond-
level stress measure, which depends on the bond-level kinematic variable (deforma-
tion gradient). We demonstrated that the bond-associated correction is necessary to
achieve a stable solution, and the improvements gained through the stabilization
correction is more tangible than the benefits of the higher-order corrections. Our
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(a) Polar discretization - Quadratic (b) Triangular discretization - Quadratic
Fig. 11: Two-dimensional convergence test for the plate with a hole problem, in the
mild near-incompressibility regime. Plots show the displacement RMS errors for the
quadratic methods.
results indicate that the correspondence formulation is the most robust when the
bond-associative approach is combined with the higher-order gradient operators. It
is shown that the higher-order, bond-associated model can obtain second-order con-
vergence for smooth problems and first-order convergence for problems involving
discontinuities (e.g. curvilinear free surfaces). Additionally, it is demonstrated that
the results hold for mild near-incompressible materials.
Future work would probe the application of the bond-associated models in solving
dynamic problems involving crack growth. The presented approach may be readily
implemented in other formulations such as the semi-Lagrangian peridynamics [3].
While our analysis has shown robustness of the bond-associated model with respect
to the number of neighbors, further study could examine the role of horizon and
influence function in the developed PD formulations.
In Part II of this paper, we present a framework for incorporating traction (Neu-
mann) boundary conditions in the strong-form PD. We also study wave propagation
using the unified correspondence formulation. We demonstrate the applicability of the
bond-associative modeling approach and the higher-order corrections to such prob-
lems, further proving the importance of both elements in achieving a robust method-
ology.
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